Abstract-The ac losses of high critical-temperature superconducting (HTS) wires are numerically calculated by means of a finite element method (FEM), which is formulated with a self magnetic field due to an induced current as unknown. The numerical model is straight HTS wires carrying an alternating transport current in an external ac magnetic field perpendicular to the wire axis. In this situation, the electromagnetic field around the wires is given by two-dimensional (2D) Maxwell's equations. It is also assumed that the transport property is represented by either the critical state model or the power-law model, in which the electric field is proportional to the power of the current density. The obtained losses are compared with conventional theoretical curves in several simple geometries.
I. INTRODUCTION
I N order to develop electric power devices wound with high-T c superconducting (HTS) wires, it is important to reduce their ac losses in the actual electromagnetic configuration. This is because the ac losses are directly concerned with the efficiency and the volume of cooling system in the devices. Since the winding carrying a transport current is simultaneously exposed to an external magnetic field due to the currents in the others, it is necessary to evaluate the ac losses under these realistic situations. Furthermore, the HTS wires developed recently are produced in the form of a flat tape to improve their critical current densities [1] , [2] , and therefore they have anisotropy with respect to the direction of external magnetic field [3] , [4] . Thus the electromagnetic properties of HTS wires are quite complicated, and it has been very useful to estimate the ac losses numerically, especially with finite element methods (FEMs) [5] - [11] .
In the present study, the ac losses of several model wires are numerically evaluated by means of a two-dimensional (2D) finite element analysis, which is formulated by a self magnetic field due to an induced current. The obtained results are also compared with theoretical curves based on the critical state model [12] or numerical results with the one-dimensional (1D) finite difference method (FDM). 
II. NUMERICAL ANALYSIS

A. Governing Equation
Let us consider superconducting wires with cross-section of arbitrary shape and infinitely long axis, which have a transport current in a uniform external magnetic field. It is also assumed that the wires are surrounded by a normal conductor with very high resistivity, which is regarded as a vacuum. If the wire axis is parallel to the z-axis and the external field is applied perpendicular to them, the electromagnetic field is given by two-dimensional Maxwell's equations
where B = (B x , B y , 0) and H = (H x , H y , 0) are the magnetic flux density and the magnetic field strength, E = (0, 0, E) and J = (0, 0, J) the electric field and the current density, respectively, and ∇ = (∂/∂x, ∂/∂y, 0). In (2), the term for a displacement current is ignored as usual. Furthermore, the following relationships are widely used as constitutive equations with the permeability and resistivity of material, µ and ρ.
If the magnetic field due to an induced current J is symbolized by H s = (H sx , H sy , 0), the total magnetic field H is given by
with the uniform external field H e = (H ex , H ey , 0). In this case,
becomes
The combination of (1)- (6) leads to the equation
Equation (7) is a governing equation of finite element analysis used in this article, whose unknown is the self magnetic field H s .
As known from (6), another self field H s ′ may be defined by
with an arbitrary scalar function χ. On the other hand, the divergence of both sides of (7) gives
Therefore, if one sets an initial condition
the subsequent magnetic field is always subject to (10) . If the permeability µ does not depend on the position, (10) becomes
When H e = H s = 0 is used as an initial condition satisfying (10), the self magnetic field H s is uniquely determined by (7) under appropriate boundary conditions because both the rotation and divergence of H s are defined in (6) and (10) [13] . Integrating (6) over the total area for analysis under consideration, S, one obtains a boundary condition for H s as
where C is the closed path on the boundary, ds the line element, dS the surface element, and I t the total transport current.
B. Finite Element Analysis
In order to solve (7) numerically, the following residual R is defined.
By using a weighting function w, the surface integral of weighed residual can become zero as follows.
If J = ∇ × H s = 0 is assumed on the boundary C around the effective vacuum, the expression of G can be changed into
In this paper, the total area S is discretized with linear triangular elements, and the interpolation function of each node is used for the weighting function w. The discretization of time is made with a technique of the backward difference.
III. NUMERICAL RESULTS OF AC LOSSES
The ac losses are numerically calculated for three model wires, whose transport properties are represented by either the critical state model [12] ( )( )
or the power-law model
where ρ f is the flux-flow resistivity, J c the critical current density, E c the electric-field criterion, and n the n-value. In this paper, it is assumed that the critical current density J c and n-value are independent of the magnetic field, and the values of Ωm, respectively. Since the wires under consideration consist of only a superconductor in the mixed state, the permeability of free space, µ 0 , can be used everywhere.
The square shapes are used as the total areas for analysis including the vacuum, and the tangential component of self field H s is set constant on the closed path C for the sake of simplicity. It is also assumed that the resistivity of effective vacuum around the superconducting wires is equal to 1 × 10 -6
Ωm [8] . The influence of these assumptions on the numerical results will be discussed elsewhere [14] . The ac loss per unit volume per cycle dissipated in the wires, W, can be obtained by the equation
where A s is the total area of the wire region, S s . The frequency of ac field is 60 Hz. Fig. 1 shows the numerical results of ac losses in a round wire carrying only alternating transport currents. The wire has the radius of 0.55 mm, and the size of the area for analysis is 4.0 mm × 4.0 mm. The n-value in the power-law model is set at 5, 10, or 20. The broken lines in Fig. 1 represent the numerical results obtained by means of the finite difference method in one-dimensional geometry with respect to the radial direction, whose numerical errors are estimated less than 0.1%. On the other hand, the solid line is a theoretical curve with the critical state model [15] . As seen in Fig. 1 , the ac losses calculated with the finite element method have a good agreement with the reference data. The linkage currents in the effective vacuum are less than 0.2%.
The ac losses in a rectangular wire of 3.8 mm × 0.25 mm are plotted in Fig. 2 , where the external ac magnetic fields are applied parallel to the wide face of the wire with no transport current. The area for analysis has each side of 8.0 mm [8] . The solid line in Fig. 2 represents the theoretical curve [16] for an infinite slab with the width of 0.25 mm, whereas the broken lines are the results obtained by the finite difference method. It is found in Fig. 2 that the ac losses calculated with the different methods agree well with each other. Fig. 3 . Transport-current losses in elliptic wire. 3 shows the numerical results of transport-current losses in an elliptic wire, whose major and minor axes are 3.6 and 0.2 mm, respectively. The size of total area is equal to that for the rectangular wire, and the wire has the E-J characteristics represented by (16) . One can see that the numerical losses almost coincide with the theoretical curve based on the critical state model [17] . The ac losses in the elliptic wire are also given in Fig. 4 , where the external ac fields are applied perpendicular to the major axis of the wire carrying the alternating transport current. In this case, the power-law model is used. Furthermore, Fig. 5 shows the ac losses in the same wire exposed to the external fields tilted against the major axis. There are several different methods for two-dimensional finite element analysis [6] - [10] . Let us discuss the features of the finite element method formulated by the self magnetic field as compared with them.
The most popular method is the numerical approach with the magnetic vector potential A, which is defined by B = ∇ × A, and the electric scalar potential φ [6] , [7] . Since the vector potential A has only the z-component in the geometry described above, it always satisfies the Coulomb gauge ∇·A = 0. In this case, the scalar potential φ comes from the presence of electric charge [18] , and therefore ∇φ gives the potential difference along the wires. Moreover, the interlinkage magnetic flux Φ per unit length into the area S 0 parallel to the z-axis can be expressed by
where C 0 is the closed path around S 0 , A 1 and A 2 are the magnetic vector potential on two lines of C 0 parallel to the z-axis. In this way, the transport current can be given through the gradient of the scalar potential φ, and the external magnetic field can be applied by the interlinkage magnetic flux via the difference between the vector potential A on the boundary. Hence, the fine adjustment may be needed in each time step for the application of the transport current and/or the external field.
In the numerical analysis with the self field, on the other hand, they can be applied directly as explained before.
The method utilizing the current vector potential T and the magnetic scalar potential Ω is also used [8] , where T and Ω are defined by J = ∇ × T and Η = T − ∇Ω. In this method, one has to use three unknowns per node, and it may take a long time for computing. If the self-field method is applied, the unknowns are two variables on each node. In the T-Ω method, Gauss' law for magnetic field, ∇·B = 0, can be changed into
under the assumption of no position dependence of µ. Equation (20) gives a gauge condition different from (11) . There is a method formulated by only the current vector potential T [9] . In this case, T is defined only in the conductor region, and the gauge condition of ∇·T = 0 is assumed. Although this method seems to be similar to that presented in the previous section, it has been pointed out [9] that the vector potential T differs from the magnetic field H because they satisfy their different boundary conditions on the conductor surface. However, it can be considered that the discrepancy between them is reduced under the assumption that the wires are surrounded by the effective vacuum with very high resistivity.
Lehtonen et al. [10] have numerically calculated the ac losses in the superconducting wires by mean of the finite element method with the magnetic field H as unknown variable. Since they have focused on the one-dimensional electromagnetic situation for the magnetic field, this method cannot be just extended to the object under consideration in the present study. This point can be also mentioned for the T method [9] .
By using the finite element analysis with the self magnetic field, the ac losses can be estimated for the superconducting wires carrying the alternating transport currents in the external ac magnetic fields. This method also enables us to calculate the ac losses of tape-shaped wires exposed to the external fields with arbitrary angles with respect to the wide faces of them.
